Temperature can enhance coherent oscillations at a Landau-Zener transition 
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We consider sweeping a system through a Landau-Zener avoided-crossing, when that system is 
also coupled to an environment or noise. Unsurprisingly, we find that decoherence suppresses the 
coherent oscillations of quantum superpositions of system states, as superpositions decohere into 
mixed states. However, we also find an elTect we call "Lamb-assisted coherent oscillations", in 
which a Lamb shift exponentially enhances the coherent oscillation amplitude. This dominates for 
high-frequency environments such as super-Ohmic environments, where the coherent oscillations 
can grow exponentially as either the environment coupling or temperature are increased. The effect 
could be used as an experimental probe for high-frequency environments in such systems as molecular 
magnets, solid-state qubits, spin-polarized gases (neutrons or He3) or Bose-condensates. 
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Introduction. A central aspect of quantum systems 
is that they can be in a coherent superposition of differ- 
ent eigenstates, with observables then undergoing coher- 
ent oscillations. One way to create such superpositions, 
is to take a system in its ground state and change its 
Hamiltonian too rapidly for the system to adiabatically 
follow the ground state. To distinguish between super- 
positions and incoherent mixtures, one needs to detect 
the relatively fast coherent oscillations. These are now 
detectable in many systems, including superconducting 
qubits [1] , Bose-condensates [21 [3] , polarized He3 [4j or 
neutrons [5], and probably in molecular magnets [6]. 

All quantum systems have some coupling to degrees 
of freedom in their environment. Generally this coupling 
suppresses coherent oscillations as quantum superposi- 
tions decay into incoherent mixtures. The decay mech- 
anism, called decoherence, is usually stronger at higher 
environment temperature jTJ . In this letter we ask if this 
is always the case, by examining the archetypal example 
of the Landau-Zener transition, which generates a su- 
perposition of the ground and an excited state. Various 
models of the environment will be considered: in some 
it behaves as a classical noise field, while in others its 
quantum nature is taken into account. 

We will arrive at the surprising conclusion that the 
environment can exponentially enhance the coherent os- 
cillations generated at a Landau-Zener transition. This 
occurs because it modifies the coherent oscillations in two 
ways. The first is the standard decoherence mechanism, 
responsible for level-broadening, which suppresses the os- 
cillations [7] . The second is a Lamb shift of the levels [8] 
which can exponentially reduce or enhance the oscilla- 
tions. To illustrate these effects, we consider three types 
of environment: Markovian environments (which we will 
see exhibit decoherence only); High-frequency environ- 
ments (which will exhibit Lamb shift only); Caldeira- 
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Figure 1: We ask how coupling to an environment (with a 
given spectrum) affects the coherent oscillations of a system 
swept through a Landau-Zener transition. 



Leggett sub- and super-Ohmic environments (exhibiting 
decoherence and Lamb shift). The last will show multiple 
regimes, due to competition between the two effects. 

These noise-enhanced oscillations may remind one of 
quantum stochastic resonances (QSR) [9l [10], however 
there are crucial differences. We have free coherent oscil- 
lations at a frequency given by the level-splitting, while 
QSR's driven oscillations are at the drive's frequency. 
QSR is typically an enhancement going like a power-law 
of dissipative rates, with some non-exponential modifi- 
cation in those cases where the noise is coloured (and 
thus induces a Lamb-shift) [TU]. In contrast, the free os- 
cillations we discuss are exponentially enhanced by the 
stochasticity due to an interplay of a Lamb shift and a 
Landau-Zener transition. 

ModeL The Hamiltonian for the Landau-Zener tran- 
sition of a two-level system is JtJ"^ — —^{vtcTz + Actj.) 
when written in terms of Pauli matrices. The avoided- 
crossing occurs at time t — Q, has width A and is swept 
through at rate v. We consider this system coupled to 
an environment (Fig. [l]) , with the Hamiltonian 
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where the environment operator X acts weakly on a huge 
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Figure 2: The three spin components of the system swept through a Landau-Zener transition, given by numerical evolution 
of Eq. (j3|. The main plots in (a) and (b), have A/i/^''^ = 2.4 in the presence (solid-curves) and absence (dashed-curves) of 
environments. In (a) the environment induces decoherence reducing the magnitude of the coherent oscillations, while in (b) 
the environment induces a Lamb shift which enhances such oscillations. In (a) the only non-zero ^ is = 0.1. The oscillation 
magnitude A± is found by fitting Sy{t) for v^^^t from 9.5 to 10.5. The inset shows its exponential decay with coupling-strength, 
^J, at a rate which appears to be A-independent. In (b) the only non-zero ^ is — — 7A with 7 = 0.3, for which Eq. (j3| 
reduces to Eq. The inset shows growing exponentially with environment coupling, the solid-lines are the hypothesis 
that = (l-7)i/2ylf|(A(l- 7)1/2) ^^^^.^ ^o^^^j 

is given by Eq. |2|. Analysis of oscillations of Sj:{t) gives identical results. 



number of environment modes. The environment Hamil- 
tonian, W"^, is such that these modes have a broad, 
effectively continuous spread of frequencies. 

Such models are well studied for classical noise [TTl [T^] 
and quantum environments (addressed using approxi- 
mate [T3HIS], exact [T7], or numerical methods fTS t fT ^ ). 
However they focus on the transition probability given by 
{(Tz{t)). Now that one can measure Sj{t) — {crj{t)) for 
j = x,y, z in various systems [HElllHS], we emphasis that 
they give us much more information than Sz{t) alone. In 
this letter, we consider the magnitude of the coherent os- 
cillations, A±, defined by writing Sy{t) = }^A±sin^t for 
large times t. Without an environment, Zener gives 
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for a near adiabatic transition (A^ ^ ^)[2n]. We will 
show how the environment could modify this relation. 

Master equation. If the system-environment cou- 
pling in is ■y^reak enough to treat in a "golden- 
rule" manner, then the spin's density matrix obeys the 
master equation pt = -i[J{P,pt]_ - |[cr^,(E;tPt - 

PiS|)] _, where the dot denotes a time-derivative [21]. 

The spin-operator = -I- iSj is defined by sf — 
dtia^'^(ti) llt,ti <Tz U^/^^, where Ut^ti is the evolu- 
tion under IH^ from time {t — ti) to time t. We 
have split the environment correlation function a{t) — 
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X) into its real and imaginary parts. 



aYi{t) and ai{t), because they are the Fourier trans- 



forms of the environment's symmetric and antisymmet- 
ric spectral densities, §{Q) and A{fl). Any environ- 
ment in equilibrium at temperature T has A{Cl) = 
§(il) tanh[il/(2fcBr)] [22]. This master equation in- 
cludes weak memory effects; it only reduces to Lindblad's 
markovian case if a{t) is a i5-function 



We parametrize pt = | (1 + s^Ca; + s 
that s — {sx, Sy, Sz) is the spin-polarization vector, 
define Bt — (A, 0, vt) and = (0, 0, 1), leading to 

s^Bt Xs + ezX [^^{t) xs + ^i(t)] , 



), so 
and 

(3) 



where (t) arc the crj components of S 

Alternatively, Eq. ([3| describes the noise-averaged evo- 
lution under the Hamiltonian IKj"^ — ^XtCTz, with the 
noise-field Xt treated using golden-rule |22j , with Xt = 
and XfXt' = a^{t — t'). Then S(ri) is the noise-power at 
frequency i7, while A{Vl) = 0. 

The correlation function a(t) typically decays on a 
timescale , where is the characteristic frequency 
of §(r2) and A{Vl). We assume sufficiently fast decay 
(f^,„ > A,j/i/2) that Ut,ti ~ exp[i:H:tti] for all rele- 
vant ti in Sj. Decoherence is due to — \y^t^${{)) + 
A2S(i3t)] and ^« = Avt [S(0) - §(5*)] /{2Bl), for 

Bt — \Bt\. If these are much smaller than Bt, the de- 
coherence rate T:^^ = [(A^ + 2vH'^)if + Avt£^] /{2B^) 
[24) . The Lamb shift is due to Defining 7 as the 
relative gap reduction due to this Lamb shift, we have 
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(a) High-frequency environment 
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Figure 3: Plots of S(f2) showing how weight below k^T grows 
significantly as one increases T, while that above only grows 
slightly; the curves are for ksT/Q^ = 0, 1/3, 2/3 and 1. In 
(a) there is no weight at low Q, so increasing T enhances 7 
via the level-repulsion discussed in the text. For (b) there is 
enough weight at low Q that increasing T reduces 7. 



Finally = Avt J^^{dn/2Tr)A{n)/{n^ - B^n) and 

Markovian evolution. We start with classical white- 
noise, with a noise-spectrum §(57) that is 17— independent 
(while A{il) = 0). The noise correlation function a{t) — 
ad{t), corresponds to a complete absence of memory. AU 

in Eq. are zero except = |S(0), so there is 
decoherencebut no Lamb shift. This gives the evolution 
in Fig. [2[i, with noise suppressing the oscillations. 

High-frequency noise or environment. Consider 
classical noise with §($7) at much higher- frequencies than 
Bt- Only is non-zero, so there is a Lamb shift but no 
decoherence. Eq. ([3| reduces to 
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whose evolution is shown in Fig. ^p. The relative gap 
reduction 7 — c§(ilni)/f7ni, with constant c ~ 

For a quantum environment with §(57) at much higher- 
frequencies than Bt (as in Fig. |3^), only and are 
non-zero. For large fl^, we also have <^ . Ignoring 
we recover Eq. ([s]), with 7 now depending on the 
environment temperature, T. For a spin-boson model 
— with X = J2n ^i^n + ^n) whcrc al^ (an) is the nth 
oscillator's creation (annihilation) operator — we have 
§{n) = 2TTC^d{\n\)coth[\fl\/{2kBT)], where d{n) is the 
oscillator density at 57. So 7 is an increasing function 
of T, thus the coherent-oscillation magnitude, A_i, grows 
exponentially with the environment coupling and strongly 
with its temperature. Exponential growth with T occurs 
for 7 cx r when fceT is larger than the typical 57. 

Fig.jsji shows d{n) = iVe~("/*^^"'~i' /(5f7f„) for 57 > 57,„ 
and zero elsewhere, with integrated density N. Then 7 
is given by 7 = (K/57„)g(^), with K = iVCV57„, 
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Figure 4: Regimes of behaviour of the coherent-oscillation 
magnitude, A±. Exponentially strong enhancement with in- 
creasing coupling is indicated by "| with if" (and exponen- 
tial reduction by "| with if"). Exponentially strong increases 
and decreases with increasing temperature are indicated by 
"1~ withT" and "J^ withT", while weaker temperature depen- 
dences are indicated by "/'withT" and "\ withT". 



and g{x) = /^°° d/^ xe^''coth[/i/a;]; so g{x <C 1) = 1 and 
g{x ^ 1) oc X. 

Sub- and super-ohmic environments. In this 
case all ^s are finite, so both the Lamb shift 
and decoherence are present. We take §(57) = 
/^(|57|/57„i)^+'e-l"l/^»coth[|57|/(2A:BT)], while ^1(57) = 
§(57)tanh[5^/(2fcBr)]. For e < this is sub-Ohmic, 
while for e > it is super-Ohmic |25j; we assume 
that 57ni is very large. For a spin-boson model, this 
requires an oscillator density of d(57) = iV(57nir(2 + 

e))"\57/57^)i+^e-"/"», with K = iVCV(57,„r(2 + e)). 
For sub-Ohmic cases (e < 0), coherent oscillations are 
suppressed by both decoherence and a Lamb shift which 
increases the gap. For super-Ohmic cases (e > 0) as in 
Fig.jSjD, the relative gap reduction due to the Lamb shift, 
7, has three regimes of behaviour: 
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In each regime, we have split the contribution into a dom- 
inant T- independent part, /ig, and a T-dependent part 
(with prefactor fii), subdominant except for high T. All 
^s are 0[1]; /io,Mi°^ negative for all e > 0, while 
^5"'^'*, /LtJ"^^ are negative for e < 1 and positive for e > 1. 
So if k^T ^ A, 7 decays with T for e < 1 and grows for 
e > 1. At very long times, decoherence suppresses the 
oscillations. However for finite times, as in Fig. [2j com- 
paring the Lamb and decoherence effects gives Fig. |4j 

Beyond golden-rule. Using real-time Dyson equa- 
tions to estimate corrections to the golden-rule [22] one 
finds that Eq. ([s]) is valid for ^Tcorr ^ 1, where Tcorr 
is the time for a{t) to decay and A — dta{t). 
Thus the golden-rule fails when 7 is not small; our es- 
timates indicate that oscillations then decay ("decay" in 
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Fig. [4|. If ^ rim, this occurs in the high-T regime 
at /cBTfaii ^ f^m/i^. If if > r^m, there is no golden-rule 
regime and oscillations are always suppressed. 

Physical interpretation. The Lamb shift is due 
to level-repulsion between the spin and the environment 
modes: high-frequency modes reduce the gap in the spin- 
Hamiltonian, while low- frequency modes enhance it, see 
Eq. Q. The Landau-Zener transition is exponentially 
sensitive to this gap, thus a tiny reduction of it makes 
the transition much less adiabatic, so coherent oscilla- 
tions are much larger. In contrast, decoherence comes 
from environment modes at zero-frequency or frequen- 
cies in resonance with the spin's level-spacing (see 
and ^^). As temperature grows, low- frequency modes 
are more enhanced than high-frequency ones (Fi; 
their competition causes the T-dependences in Fig. 

This picture neglects that the Lamb shift occurs for 
only one A-term in Eq. ([5]), thereby modifying the na- 
ture of the dynamics (not just the gap). However Fig.jlja 
confirms that the picture is qualitatively correct. Thus 
we also expect that interference patterns due to multi- 
ple passages though an avoided-crossing (Landau-Zener- 
Stiickelberg interference) will grow exponentially 

with increasing T whenever the environment is domi- 
nated by high-frequencies. 

Experimental applications. These "Lamb-assisted 
coherent oscillations" could be used to probe whether a 
system has a high-frequency environment (just as spin- 
echo is a probe for low-frequency environments [3D]). If 
the system Hamiltonian is static, then the Lamb shift 
only gives a weak T-dependence to the Larmor preces- 
sion rate. However if one sweeps it through a Landau- 
Zener transition, the coherent oscillation magnitude be- 
comes exponentially sensitive to this T-dependent shift. 
A potential application of this probe would be molecular 
magnets, where there are believed to be two potential 
sources of relaxation: the primarily high-frequency bath 
of phonons [31] . and the low- frequency bath of nuclear 
spins. Looking for "Lamb-assisted coherent oscillations" 
could clarify which dominates. 

One could equally investigate whether high-frequency 
environments are important sources of dissipation in 
quantum systems as varied as superconducting qubits [T] , 
Bose-condensates [5J [3] , nano- mechanical resonators [53] , 
or spin-polarized gases of He3 [1] or neutrons [5] . 
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